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CONSIDERATIONS OF ZAGREB GROUP INDICES

It was Randi¢ who presented in 1975 a bond-additive topological index
called branching index as a descriptor for describing molecular branching.! The
Randi¢ index was defined as follows:

1
X(G)=
uve%(G) v dydy

Later, this index was renamed as connectivity index and generalized to
connectivity indices of various orders, such as the zero-t4 order, the first order
connectivity index (second Zagreb index) and of higher orders. The families of
the Zagreb indices are applied to investigate the complexity of molecules, chir-
ality, Z/E-isomerism and hetero-systems. Moreover, the Zagreb indices revealed
a probable applicability for developing multi-linear regression models and thus
have great importance in QSPR/QSAR modeling. The first and second Zagreb
indices of a graph G are defined as:

M{(G) = D @d)2= D (dy+dy)
velU(G) e=uve E(G)

My(G) = ) (dyxdy)
e=uve E(G)

The first and second Zagreb co-indices of a graph G are defined as:

M{(G) = Y, (dy+dy)
e=uvg E(G)
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SUPPLEMENTARY MATERIAL S 5 7

My(G) = D, (dyxdy)
e=uve E(G)

where d,, and d,, denote the degree of the vertex u and vertex v, respectively.
The first and second Zagreb polynomials for a graph G and in variable x are
given as:
Z0(Gx)= Yy xldurdy)
e=uve E(G)
Zg(Gx)= Y, alded)
e=uve E(G)
The first and second modified Zagreb indices of a graph G are defined as:
mM(G)= D (dy)2= D (dy+d,y)!

veU (G) e=uve E(G)

mMy(G)= Y. (dyxdy)!
e=uve E(G)

The first and second variable Zagreb indices of a graph G are defined as:

UMI(G)= ) (d)P = D (dy+dy)?

veU (G) e=uve E(G)
UMy(G)= Y, (dyxdy)
e=uve E(G)
for
v=1, VYM,(G)=M,(G)
v=-1, UM, (G)="M,(G)
and

v="0 PMIG)=26)

where =1, 2.
In 2013, Shirdel, Rezapour and Sayadi? introduced a distance-based Zagreb
index named hyper-Zagreb index that is given by:

HM(G)= ). (dy+dy)?
e=uve E(G)

In the augmented Zagreb index of a graph, G is defined as:3

AZ1G)= 2, (%)3
weE(G) Gutdv—
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S 5 8 AHMAD, AHMAD and YOUSAF

Proof for Theorem 1

It is easy to see that d,,, =2=dy, ’dv(rH—l)O =1 d,, =2+ 6y, where 1<i<n

and 0< < 3. Now, by using Automorphism group action on the vertices and
edges of G[n] and Lemma 1, one obtains:

n 3
M(GIn]) = 1y | (dyy )2+ 12 [(dygy )2 + D D it 1(dy, )2 +27 1 (dy 0 0)? =
i=1t=0
=17x2nt2 -50,
M (GIn]) = | Sy | (dyyo vy )+ 1 S2 | (dyy dygy )+ 1S3 | (dygydygy )+

n 3 n
D UM [y d )+ D NG [ (dyy ) =
i=1 t=1 i=1
=9x2mt3 56,

Zg (Gx)= Y xdutdy =
uve E(G)

=| S |x(d\qo+dvo1)+ 1S, |x(dV01+dV02)+ | S5 |x(dvo2 +dyy) 4

n 3 n
+ZZW” |x(dw(;f1) tdy,) ZWI |x(dw3 +dyisno) —
i=1 t=1 i=1
=(3x 271 —6)x3 + (2743 —5)x4 + 21+l x3

Zg2 (G,x)= Z xdudy =
weE(G)

=| Sl |x(dv1()dv01)+ | S2 |x(dv01dv02)+ | S3 |x(dv02dv03) +

n 3 n
+ZZ|M” |x(dvl'(t—1)dvn)+ZWl. |x(dVi3dV(i+l)0) =

i=1t=1 i=1
=(3x2" —6)x0 + (2" — 5yt + 272,
Proof for Theorem 2

Since in the first and second Zagreb co-indices all those pairs of vertices are
considered which are not adjacent with each other, one can write:

My(G[n]) = My(K,) ~ M1(Gln]) =

k
=n(n=12 =Y | E|(dy,  +dy,)=

i=1
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=n(n_1)2_[|S1|(dV10+d )+|S2|(d +dV02)+|S3|(dV02+dV03)

Vo1 Vo1

n 3 n
+ZZ|Mit |(dv,»(,_1) +dvi[)+2| Ni |(dvi3 +dV(i+1)0 )]:
i=1 t=1 i=1
= (16X27 —10)(16X27 —11)2 — (17X 2742 —50) =
= (16X 27 —10)(256X 221 +121-352x27) — (17x 27+2 —50) =

=4096x23" —8192x 22" +5388x 2" —1160,

k
Ma(Glnl)=n(n=1)2 = Y| E;| (dy, dx,)=
i=l1
=n(n—1)2 =[1 S | (dyody, )+1 52 | (d

dV()2 )+ | S3 | (d dV()3 ) +

V10 Vo1 Vo2

n 3 n
DM [y @)+ DI Ni ()] =
i=1 t=1 i=1
=(16x2" —10)(16x2" —11)2 — (9% 273 —56) =
=4096x23" +1936x 2" —5632x22" —2560x 22" —

—1210+3520%2" = 72X 2" +56 =
=4096x23" —8192x 22" +5384x2" 1154,

where n=16x2" —-10 .
Proof for Theorem 3

UM(GIn]) =] 11 | (dyy )20+ 12 | (dyyy )2V +

Vo1 Vo2

n 3
3D i [(dy, )2 +240(dy )Y =
i=1¢=0

n 3
=2(22v)+2(220) + zzziﬂ—&o, (24 8y, )20 +2m+1(1)20 =
i=1t=0

n
=4(2)2V + Z(zi X320 4 2+l D20 4 DiHl % 220 4 il 5 D20) 4 pnHl =
i=1
=4(2)20 +2(2" —1)(9? + 622V) + 21+ =
=-2{4x220 4320} 4 2n+1{] 4 320 4 6 22V}

VM (G[n]) =| St | (dyygdyy )0+ 182 [ (dyy dvgy )+ 1S3 [ (dygy gy )V +

V10 Vo2 V02

n 3 n
+ZZ| Mit I (dv,-(t_l) d\/,', )1) + ZI Ni I (dvig dV(,'H)() )1) =
i=1 t=1 i=l
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n—1
=2(6)V +2(4)V +(4)V + 22”1 (6V +4V +4V) + 22”1 6V + 21+ ()Y =
i= i=1
=2(6)V +3(4)V +4(2" —1)(6Y +2x4V) + 42771 —1)6? + 27+ (2)Y =
=—6X 6/ —5x4V + 213X 6V + 4 x4V + 2V},

Proof for Theorem 4

HM (G[n]) =] S1 | (dwq +dvy )2+ 52 | (dyy, +dyyy ) +

! 0 Vo1

+ I S3 I (dV02 + dV03 )2 + ZZI Mil‘ | (dvi(t_l) + dvi, )2 +
i=1t=1

n
Y IN; [(dyy +dy ) =
i=1
n—l1

—98+114Z7J+5022’+182”—37><2”+3 230,
i=1 i=1

d,.d d,..d
AZI(G[”]):|SI|(—d S )
vig T vy ~ vor T vy —
vll 1) Vlt
+] 83 | (20— >3++22|M,t|( ( )+
dvoz +dV03 i=l ¢=1 "l(t ) +d"”
d, .
Vl3 V(i+1)0 3 _
+ZIN IG )} =
Vza +dV(i+1)O -2

=223 +2(2)3 +(2)3 + 22”1 (2P +(2P3 +(2)3} +
i=1

n—1
_,_Z 2i+1(2)3 +2n+1(2)3 =
i=1
=2n+7 88
Proof for Theorem 5
It is easy to see that d,,, =2= dez , dv(,,+1)0 =1 and d, =240y where |1 <

<i<nand 0< ¢t < 6. Now, by using Automorphism group action on the
vertices and edges of H[n] and Lemma 1, one obtains:

n 6
M (H[l’l]) = | 1 | (de )2 + Z Zl Lt | (dv,-, )2 +2n+l (dV(,H_])() )2
i=1t=0
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=29x21+2 106,
My (H[n]) =[St | (dy,gdye )+ S21(d

10

n 6 n
+ZZ|Mit | (dvi(t,l)dvit ) + ZINZ | (dvl-ﬁ dV(H_])() ) =
i=1

i=1t=1

Vo1 dvoz )+

)+(dy,

i3

=2(3.2)+(2.2)+ iziﬂ (d
i=1

dVil ) + (dVil dVi2 ) + (dViz d dVi4 ) +

Vio Vi3

n—1

+(dVi4 dViS )+ (dViS dVi6 )+ Z 2t (dVi6 dV([+1)O )+ 2n] (an6 dv(n+1)0 )=
i=1
=15x2m*+3 112,
Zg1(H,x)= z xdutd, =
uveE(G)

+

n 6
:l Sl | x(dv10+dv01 )+ | S2 |x(dv()1+dv02) + ZZ'MU |x(dVi(tfl)+dVit)
i=lt=l1

n
+ 3| N; | Bis o) =
i=1
= (3x2n+1 — 6)x5 + (5X2n+2 —19)x4 + 21t x3,

Zgr(H,x)= D xduds =
uve E(G)

n 6
:| Sl |x(dv1()dv()1 )+ | SZ |x(dv()1dv()2) +ZZ| Mit |x(dvi(t—1)dvit) +
i=1t=1

n
+3|N; | A Pisimo) =
i=1
= (3x2n+l - 6)x6 + (5X2n+2 _ 19)x4 +on+l, 2

Proof for Theorem 6

k
My(H[n])=n(n=1)2 =3 |E; (dx;_, +dy,)=
i=1
+dyy, )82 | (dy,, +d

Vo1 V02

=n(n=1)2~[| S |(d )+

V10

n 6 n
+ZZ| Mit | (dvi(t_l) + dv[t )+ Zl Ni | (dvm + dV(i+l)0 )] =
i=1t=1 i=1
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= (28X 27 —24)(28% 21 —25)2 — (29.27+2 —106) =
=21952x231 —58016X 221 + 50984 x 2" —14894,

k
My (H[n]) =n(n—=1)2 = |E; (dy,_dy,)=
i=1

= I’l(l’l - 1)2 _[l Sl | (dvl() Vo1 )+ | SZ | (dV()l Vo2 ) +

+ZZ|MII | (dv,(, l)det )+ ZlN | (dvlédv(l+1)0 )]

i=1t=1
= (28X 2" — 24)(28% 2" —25)2 —(15%x2m+3 —112) =

=21952x237 —58016x 22" +50980% 2" —14888,
where n=28x2" —24.

Proof for Theorem 7

n 6
UMl (H[}’l]) :| I | (dVOI )2‘1) + z 2 |Iit | (dvit )20 + 2}’!+1 (dv(n+1)0 )20 =
i=11=0

= —2{11x22V 4320} 4 2n+1{] 4 320 4 12} 22V} |

VM (H[n]) =| S | (d )WH[82 | (d s

V10 VOl Vo1 V02

n 6 n

+ZZ|Mil | (dvi(t_l) dVit )1) + ZlNl I(dvi6dv(i+1)0 )‘U =
i=1t=1 i=1
=—6X6V —19x 4V +21m+1{3x 6V +10x 4V + 2V},

Proof for Theorem 8

HM(H _l Sl | (dvl() VOI )2+ | S2 | (d\/()l V02 )2 +
n n
+ZZ|Mil |(dv[(,_1) +dv,~t )2 +Z|Ni |(dV[6 +dV([+1)0 )2 =
i=1t=1 i=1
-1
—66+21022’ +502 20 +18.27 =
i=1 i=1

= 463x 2" — 404 ,
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dy,d dy, d
AZI(H[n]) =| S; | (——2220 3418, |( Y17V )3 4

dy, +dy, —2 dyy, +dyy, —2
Vz(t 1) Vzt z dvi6dv(i+l)0
+ZZ|MU|( 7 ) +Z|Ni|(d y 2)3=
i=1t=l1 Vz(t -1 Vit i=1 Vi3 Vi+)0

S22 (2P + 0@ + QP +2P + (P + 2 +2))
i=1
n—1
+Z 2i+l (2)3 +on+l (2)3 —
i=l

=7x2mt5 -200 .
Proof for Theorem 9
+d,,, —2 d, +d
ABC(G[n]) =| 1 | V“)—OI+|Sz | Doy + v =2
dVlOdVOI dV()l dez
B e 3P 2 i i T
dVOZ dV03 i=1 t=1 dVi(t—l)dVit
—1 _
+nZ: 2i+l "(1+1)0 -2 4 on+tl dvns +dv(n+1)o 2 _
/= v,3 V(t+1)0 dV}13dV(n+l)0

-+ 221“(5) ZZHI(T”Z"H(T)_

Proof for Theorem 10

If uv is an edge in G then m,, is the number of vertices closer to « than to v.
As vg1vop € E(G), the number of vertices closer to vg; than to vq» are:

My, =2+4(2)+4Q22)+...+4Q") =2+4Q2+22 +...+2") =
=2+8(21" —1)=8x2" —6.

Similarly, my,, =8x2" —5 and m, =8x 2n=i+00 — (341t +40),), where 1 <
<i<nand 0 <¢<3, and My = 8x2n~i —7. Now, by using Automorphism
group action on the vertices and edges of G[#] and Lemma 2, one obtains:
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S 64 AHMAD, AHMAD and YOUSAF

my,, +my,, —2
ABC,(G[n]) =| S1 | / o Ve T
VIO VOl mVOlmVOZ

+ m,,. +m,. —2
+ | S3 | mV()2 va3 ZZH_IZ Vi(t-1) Vit
Mgy Mygs i=1 t=1 My o1y My
+z 9i+l 3 VM -2 4 on+l My,3 My, 00 ~ 2 _
mVl3mV(z+1)o My, 3 My a0
i 1
=] +2.1 -
J— Jﬂl +3 Jﬂl +4 5 Jn-1620-1)-64(2n) +3
1 1
+ + : +
JNn-802m) +4 |y +16(21-1)—96(2m)+3

1
+
J7+32(2m1) —112(27)

Proof for Theorem 11
As Sy, =2+3+2=7, similarly, §,, =6, §,,=9, §,,=7, S,,=6,
1<i<n, S, =7, 1<i<n-1, Sy, =3 and Sv(n+l)0_3’

Sy, =6+380; + 061 + 8y where 1 <i<n—1land0<¢<3.
= \/2—6/2—6/£ +27 6/£+6/£+2/i+2\/§
18 42 63 63 42 30 4
Proof:

As 6‘,02 T] =€ygys vy =T +1—6V03 > Ep(n+1)0 =71 + 6 and &, =7 +4i+t-2,
where 1 <i<nand 0 <¢<3.Here 7 is defined? as 7; =4n+3.

Proof for Theorem 12

€vo T 60 -2 €01 T Evpa -2
ABCS(G[”]):|SI|"—+|SZ| —_—+t
€0 v01 €vg1 Ev0n

Evpp T g3 ~ it i) T T4

PN ORI 2,
€vo2 vz =l =1 Eie—1) Svie

n-l €. T €. —2 € , TE -2

+Z i+l Vi3 V(i+1)0 4 on+l Vi3 V(n+1)0 _

i=1 i3 Siany0 30410
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) 2q+1 L [27-] +\/2¢1—
(71 +2)(71 +1) n(n +1) 7
n . 3 . _
¥ 2 2'T1+81+1. s .22'1+81+2z 8 _
P (m+4i+)(n+4i+2) S\ (n+4i+i-2) (7 +4i+t-3)

:2\/ 8n+7 +2\/ 8n+5 +x/8n+4+

(4n+5)(4n+4) (4n+3)(4n+4) 4n+3

n . 3 N —
+22i+1{\/ ?”"’8“‘7 ' +z\/ 8f1+81+2t 2 .
pary (An+4i+4)(4n+4i+5) S\ (@n+di+i+1)(4n+4i+1)

Proof for Theorem 13

dy, +dy, —2 dy, +d
ABC](H[}’I]) =| Sl | u_i_lSz | VO] VOZ

V107 Vo1 VOl V02

-2 n-l dy +d,. .. —2
+ 2l+1 Vi(t— l) + 21'_;,_1 Vi6 V(i+1)0 +
B [l T2 S

i=1 t=l1 Vi(t-1) i=1 Vi6 ““V(i+1)0

s Jdv e =2 _

dy, d

Vn6 " V(n+1)0
- i+ i+1 n+l ()=
\/5+22 (\/5)+Z2 (\/—)+2 (\/—)

_25 . 28

V2 2

Proof for Theorem 14

It is noted that myy, =14X2" =12, m,, =14x2" —11 and
my, =14x2"- i+60: —(6+1+78y) where 1 < i <nand 0 < ¢ < 6 and
My sy = 14x2n=i —10. Now by using Automqrphlsm group action on the
vertices and edges of H[n] and Lemma 2, one obtains:

My + My, —2 My, + My, —2
vig T Mgy Vo1 V02
ABCy(H[n])=| S |, | ———————+|S2 | [ ——————+
My o Mgy My My
n 6 |m,, +m,, —2 n-l My.n + My, -2
. Vi(t—1 v, . v V(i+1
+Zzz+lz i(t-1) LA sz i3 o =
=l =l Myi(e—1)Mvig i=1 My;3 My i11)0

Available on line at www.shd.org.rs/JSCS/

(CC) 2017 SCS.



S66

AHMAD, AHMAD and YOUSAF

+2n+1\/mvn6 My —2 _

mvn6 mv(nJrl)O

n

= 2, 1 +> ¢ ! +
co[
VB B+l T [y -14002

n=i)-196(2")
1 1

+ . + . +
J72 —112(27-1)=224(27)+9 |y, —84(27—1)=252(2") +16
2

+ _ + _ ! +
72 —56(27)=280(27)+21  \[y, —28(27~1)—308(2") +24
1
+ 1]
72 —336(27) +25

Proof for Theorem 15

Svr =75 Svig =95 Sy =7, Sy =8y, =8y, =8y, =6, 1<i<n, S, =7,
1<i<n-1, S, ,=5and Sv(n+l)o =3. 8, =6+01 + 0y + 03,

where 1 <i<mn—-land0<¢<6.

ABC4(H[n]):|Sl|\/M +|S2|\/SV°2 + 8y =2 n

S

V1o~ Vo1 SV02 SV()I
n 6 _ n—1 _
i+l Svi(t—l) * Svif 2 i+l S"i(é) + SV(i+1)o 2
2y +2 +
i=1 t=1 S"i(t—l) S"it i=1 S Vi(6) SV(HI)O

Sy S

Vn(6) P V(n+1)0

=42 /EHZ /2—8 /2—12\/E +
63 49 42 18
+27 48 /£+6‘/£+12\/E+2\/z
63 42 18 5
Proof for Theorem 16
As €, =

+2n+1\/SVn(6) +SV(n+1)o —2 _

T2 =€ygy 5 Epany = 12 +7n+1 and ¢, =7, +7i+t-6, where 1 <
<i<nand0<¢<6.Here, 7, =7n+2.
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€. €, —2
ABCs(H[n])=| S | / —o ey
vy €vo1 €01 Svo2

+Zzz+1z ig-n T T~ 2

tey + Zle &3 T &0 T N
i=1 =1 i1y i 38410

Lontl T &0 2
€Vn6€V(n+1)0

— —_— n . ._
:2\/ 20,-1 215 2+221+1{\/ 21y +14i 11

(73 +1) 7 P (my +7i) 7y +7i+1)

6 . _
+Z\/ 2'12 +14i + 2t 1.5
t=1

(p+7i+t-T)1r +7i+t-6)

:2\/ 14n+3 +\/14n+2+22i+1{\/ 14n+14i+3

(Tn+2)(Tn+3) Tn+2 ‘S (Tn+7i+2)(Tn+7i+3)
& 14n+14i+2t-11
2 . —}
=S\ (Tn+7i+t-5)(Tn+7i+t—-4)
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